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Recently, NANOGrav claimed a detection of a common-spectrum process stochastic signal of
the pulsar timing array (PTA) time residuals from their 12.5 year data, which might be the first
detection of the stochastic background of gravitational waves (GWs). We show that the amplitude
and the power index of such waves imply that they could be interpreted as induced GWs by the
peaked curvature perturbation on small scales with a dust-like post inflationary era with −0.091 .
w . 0.048, where the frequency of the scalar perturbation power spectrum is about 30 times higher
than the characteristic PTA frequency. Such stochastic background of GWs naturally predicts the
substantial existence of planet-mass primordial black holes (PBHs), which may be the origin of the
short timescale microlensing events found in OGLE data.
Introduction. After LIGO/VIRGO have detected
gravitational waves (GWs) from mergers of black holes
and neutron stars [1–6], the next inspiring discovery
may be the stochastic gravitational wave background
(SGWB), which can span in a large frequency range from
10−20 Hz to 108 Hz. The pulsar timing array (PTA) can
detect the low-freqency band of the SGWB down to 10−8
Hz, which is a good window of GWs from the early uni-
verse [7, 8]. Recently, North American Nanohertz Ob-
servatory for Gravitational Waves (NANOGrav) claimed
that they have detected a stochastic common-spectrum
process signal from the NANOGrav 12.5-yr data set [9].
The quadrupolar spatial correlations [10] as evidence for
the (SGWB) are not found, which await for future de-
tections with higher precision. However, SGWB as the
source of such stochastic signals is worth considering
at the current stage, which when written in the spec-
trum of its energy density, ΩGW, has an amplitude from
1.19 × 10−9 to 4.51 × 10−9 at 2-σ confidence level (CL)
at the fiducial frequency fyr = 1 yr
−1. The shape of the
GW spectrum can be fit by power-law as ΩGW ∝ fβ with
−1.5 < β < 0.5, if only the first five bins of the signal
are taken into consideration, as the high frequency bins
are probably from noise.
The smallness of β, especially its compatibility with a
scale-invariant GW spectrum, motivates theorists to con-
sider this signal to be the SGWB from cosmic strings [11–
14], the first order phase transitions [15–22], or induced
GWs [23–30]. For a variety of models, when moving to
the infrared frequency band, ΩGW goes like ∝ f3, if the
universe is dominated by radiation when the correspond-
ing wavelength reenters the Hubble horizon [31]. In the
ultraviolet, the GW spectrum usually decays exponen-
tially or as power-law, depending on the shape of the
peak of the scalar perturbation, which is highly model-
dependent [32]. Therefore, the power index of ΩGW can
only fall in −1.5 < β < 0.5 in the near-peak frequency
range, which put strong constraints on the solar mass
PBHs [26], unless the peak in the scalar power spectrum
is broad enough [23, 24, 29].
The infrared power index of ΩGW ∝ fβ , however, de-
pends sensitively on the equation of state of the universe
when the corresponding wavelength reenters the Hubble
horizon and can be used to probe the evolution history
of the universe [31, 33–44]. While we know that the uni-
verse was dominated by radiation during big bang nu-
cleosynthesis (BBN), we have scarce evidence of how the
universe evolved before BBN. Motivated by tensions and
anomalies that the standard ΛCDM cosmology is facing
and the unknown nature of the inflaton and reheating,
there has been a big effort in the community to find sig-
natures of deviations from radiation domination in the
early universe1. The SGWB provides a direct window to
test the expansion history of the early universe.
An equation of state different from radiation, i.e. w 6=
1/3, can be realized, e.g., by an adiabatic perfect fluid,
or by a scalar field either oscillating in an arbitrary po-
tential or rolling down an exponential potential [46]. In
the latter case, a plateau-like structure appears in the
induced GW spectrum when w ∼ 0 [41], which makes
the peak of the induced GWs different from the peak for
PBH formation. This implies that the PBH mass can be
much smaller than one solar mass which corresponds to
the PTA frequency of 10−8 Hz. In this letter, we show
that the recently reported NANOGrav signal is consis-
tent with such a scenario, while its amplitude and the
1 For an extensive review see Ref. [45] and references therein.
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2power index predict the substantial existence of planet-
mass PBHs, whose mass and abundance fit the recent
microlensing events found in OGLE data.
Induced GWs. Gravitational waves induced scalar per-
turbation that peaks at k∗ are mainly generated when the
k∗-mode reenters the horizon [47–55].2 After the genera-
tion, the evolution of tensor modes is essentially that of a
massless free field. This means that after a tensor mode
with wavenumber k reenters the horizon, its energy den-
sity redshifts as radiation, i.e. ρGW ∝ a−4. Thus, in a
radiation dominated universe the spectrum of GW frac-
tional energy density per logarithmic wavenumber inter-
val (or GW spectrum for short), ΩGW ≡ ρ−1cr dρGW/d ln k,
does not redshift after generation. The interesting point
is that any deviation from the standard radiation dom-
inated universe is imprinted in a change of slope of the
GW spectrum. The spectrum of induced GWs is then
potentially compatible with the NANOGrav 12.5-yr re-
sult for certain expansion histories.
Let us estimate the dependence of the power index
with the equation of state parameter w. Considering the
expansion rate goes as H2 ∝ a3(1+w) for a constant w,
we find that a given comoving wavenumber k is related
to the scale factor at horizon crossing as k ∝ a−(1+3w)/2k .
Taking into account that GWs redshift as a−4 after they
reenter the horizon, we obtain [31, 41]
ΩGW ∝ k3
(ak
a
)1−3w
∝ k3−2 1−3w1+3w ≡ kβ (1)
where the k3 comes from causality arguments for a local-
ized source, e.g. a broad peak in the primordial scalar
spectrum. It becomes k2 for a narrow peak [31].3 Thus,
the spectral index of the induced GWs for general cos-
mological background and a narrow peak reads
β = 2− 21− 3w
1 + 3w
. (2)
We see that for w < 1/3 the spectral index of the GWs
spectrum is less than in a radiation dominated universe
due to a slower expansion rate. It should be noted that
modes which enter the horizon after reheating have the
typical scaling of induced GWs in a radiation dominated
universe, i.e. β = 2 or β = 3 respectively for narrow or
broad peaks.
From now on, we consider for simplicity that the re-
heating scale is equal to or lower than the scale given
by the lowest frequency of the NANOGrav results, i.e.
2 This applies only for w ≤ 1/3. When w > 1/3 the scalar mode
with k = k∗ keep sourcing tensor modes.
3 A detailed computation yields ΩGW ∝ k3−2|(1−3w)/(1+3w)| due
to an extra superhorizon growth for w > 1/3 [41]. We will not
pursue the cases w > 1/3 since the NANOGrav result would im-
ply w > 1. In the power-law scalar field model this corresponds
to a negative potential which we regard as unphysical.
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FIG. 1. 1- and 2-σ contours of the posteriors for the amplitude
of the GWs power spectrum at f = 1 yr−1 and the equation
of state parameter w, for a common-spectrum process for the
five frequency power law of NANOGrav 12.5-yr results [9],
respectively in solid and dotted lines. In blue and green we
respectively show the implication for a narrow and a broad
peak in the primordial scalar power spectrum. Note how the
mean values for both cases falls in the region where w < 0.
We approximated the NANOGrav 1 and 2-σ contours [9] by
ellispes.
f ≈ 2.4×10−9Hz, which corresponds to a reheating tem-
perature of roughly Trh ≈ 130 MeV. This gives
f ≈ 2.35× 10−9Hz
(
k
krh
)(
Trh
130MeV
)
×
(
g∗(Trh)
13.5
)1/2(
g∗,s(Trh)
14.25
)−1/3
.
(3)
It is important to note that even though the reheating
temperature of 130 MeV is low, it is still allowed by BBN
constraints which require Trh > 4 MeV [56–59]. With
this assumption, we fit the NANOGrav 1-σ constraints on
the GWs spectral index for a finite range of the equation
of state parameter w. Using Eq. (2) we find that the
1-σ constraints of the power index by NANOGrav, i.e.
0.5 > β > −1.5, can be converted to the range of the
equation of state parameter w of
−0.091 < w < 0.048 , (4)
for a narrow peak, and −0.128 < w < −0.037 for a broad
peak.
We show the 1- and 2-σ contours in Fig. 1 extracted
from the NANOGrav results. Notably, both mean val-
ues corresponds to a negative equation of state. In such
a case, an adiabatic perfect fluid description is not ap-
propriate as its negative sound speed, i.e. c2s = w < 0,
causes a pathological tachyonic instability. Therefore, in
this letter we consider that the universe is dominated by
3a scalar field in an exponential potential [46], which we
dubbed as the w-dominated universe. It has the same
background expansion as an adiabatic perfect fluid but
differs at the perturbation level, which is well behaved
with cs = 1 even when w < 0. A remarkable property of
such a model is that as the sound speed is 1, the Jeans
length is higher than that of a perfect fluid, which makes
the PBHs more difficult to form.
To estimate the amplitude of the induced GWs in a
w-dominated universe we use the analytical estimates
given in Ref. [41]. For simplicity, we assume that the
primordial scalar power spectrum has a narrow peak at
k = k∗, which is described by a δ-function as PR =
ARδ(ln(k/k∗)). We also assume the universe is reheated
instantenously, while the mode reenters the horizon at
the reheating moment has the wavenumber of krh. For
a narrow peak, the spectrum of induced GWs near the
scale of reheating krh and far enough from the peak scale
k∗ the takes the form of a broken power-law given by
ΩGWh
2(k  k∗) ≈
ΩGW,rhh
2 ×

(k/krh)
2
(k . 3krh/4)
(k/krh)
2−2 1−3w1+3w (k & 3krh/4)
,
(5)
where
ΩGW,rhh
2 ≈ 3.51× 10−7
(
Ωr,0h
2
4.18× 10−5
)(
g∗,s(Trh)
14.25
)−4/3
×
(
g∗(Trh)
13.5
)(
9(1 + w)(1 + 3w2)
4(1− 3w) AR
krh
k∗
)2
.
(6)
The relativistic number of degrees of freedom for k > krh
must be evaluated at Trh since from that moment on GWs
have a constant density parameter [60]. An accurate posi-
tion of the matching is numerically found to be ∼ 3krh/4
independent of w [41]. Note that the amplitude of the
GW spectrum is suppressed by a factor (krh/k∗)2. This
factor is easily understood from the following. Before
the scalar mode with wavenumber k∗ enters the horizon,
tensor modes have a constant source. As such a ten-
sor mode with wavenumber k grows as (kτ)2. Once the
scalar mode k∗ enters the horizon the source effectively
shuts off and we can evaluate the tensor modes at hori-
zon crossing, i.e. k∗τ∗ ∼ 1, which gives us the (k/k∗)2
dependence. This implies that the further the peak scale
is from the scale of reheating, the lower the amplitude of
the scalar perturbation.
We can estimate the model parameters by using the 1-
σ limits on the amplitude of the SGWB, which roughly
translates to ΩGW,rhh
2 ∈ [2.13, 8.05]×10−10 at f ≈ 2.4×
10−9 Hz [9]. Using Eq. (6) we see that in order to reach
the NANOGrav result, the product of the amplitude of
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FIG. 2. GWs spectrum vs frequency. The solid blue and
purple lines correspond to the scalar induced GWs in a w-
dominated universe, respectively for w ≈ 0.05 ,−0.1. In the
blue and purple solid lines we chose k∗/krh = 10 and respec-
tively AR = 0.039, 0.069. We also plot in magenta the char-
acteristic value that fits the OGLE observation of PBH candi-
dates with AR = 0.11, k∗/krh = 27.5 and w = 0. In cyan we
illustrate the NANOGrav 12.5-yr results for the residuals [9]
translated to the GW spectrum: the cyan dots represent the
mean values of the residuals for the five frequency window,
while the cyan shaded region illustrates the data which fits
to white noise and is not used for the NANOGrav power-law
fit. For comparison with previous results, we show in orange
the sensitivity curve of the NANOGrav 11-yr results for a free
spectrum [61].
the scalar peak and the separation of scales krh/k∗ is a
function of w
AR krh
k∗
≈ (3.81± 2.91)× 10−2 4(1− 3w)
9(1 + w)(1 + 3w2)
, (7)
where we already took the best fit of Ωr,0h
2, g∗ and g∗s
in Eq. (6). This is valid for w < 1/3, which includes the
parameter space of our interests shown in Eq. (4).
We see from Eq. (7) that there is a degeneracy of AR
and krh/k∗, given that the amplitude of the induced GWs
at krh is fixed to be what NANOGrav has measured.
Besides, the fact that the signal observed by NANOGrav
spans at least for the first five bins in the range of 2.4×
10−9 Hz ∼ 1.3 × 10−8 Hz means that there is a lower
bound for k∗/krh,
k∗
krh
>
1.3× 10−8
2.4× 10−9 ≈ 5.4, (8)
which can be converted by (7) to be a lower bound for
AR, namely
AR > 1.7× 10−2. (9)
Such a high amplitude of the curvature perturbation
spectrum can generate substantial PBHs at the hori-
zon reentry, which can be further constrained by the
4microlensing experiments. As we proceed to show in
the next section, such a peak can generate planet-mass
PBHs, which, as implied by the recent detections of
short timescale microlensing events in OGLE data, con-
sist ∼ 2% of the dark matter.
Primordial Black Holes. As we have stated, when
−0.090 < w < 0.048, the peak of the scalar power spec-
trum is to the ultraviolet of the peak of the induced
GWs, and the GW spectrum between these two peaks
has a power index that lies in [−1.5, 0.5] to 1-σ confi-
dence level. These two peak frequencies as well as their
amplitudes are connected by Eq. (7), and the might-be
detection of a relatively large GW spectrum implies that
this frequency difference is not large, which can be fur-
ther constrained by the PBH abundance.
PBHs will form by gravitational collapse at horizon
reentry for the Hubble patches where the density contrast
δρ/ρ exceeds a threshold δc [62–67], which depends on
the equation of state w at the re-entry moment [68–71].
As a conservative estimate we use the Carr’s criterion in
the uniform Hubble slice δ˜c = c
2
s = 1 [66], which when
transferred to the comoving slice gives
δc =
3(1 + w)
5 + 3w
. (10)
Our choice is justified by the fact that fluctuations of
the scalar field propagate at c2s = 1 and the formation
of PBHs is more difficult than in an adiabatic perfect
fluid. Thus, we take the maximum bound of the density
threshold [71].
The abundance of PBHs at their formation can be cal-
culated by the Press-Schechter theory4 [74]
β(MPBH) =
γ
2
erfc
(
δc(w)√
2σ(MPBH)
)
. (11)
where γ ≈ 0.2 is the fraction of matter inside the Hubble
horizon that collapses into PBH, and σPBH is the variance
of the density perturbation smoothed on the mass scale
of MPBH,
σ2(MPBH) =
(
2(1 + w)
5 + 3w
)2 ∫
d ln k W 2(kR)(kR)4PR(k),
(12)
with W (kR) the window function to smooth the pertur-
bation on the comoving scale R = 2GMPBH/aform. In
this letter we take W (kR) = exp(−k2R2/2). Different
choice of window functions will leave significant uncer-
tainties in the PBH abundance, which is well discussed
in [75].
In a general w-dominated universe, the masses of the
4 See Refs. [72, 73] for recent progress within peak theory.
PBHs are related to the comoving scale by
MPBH
M
≈ 1.58
( γ
0.2
)(krh
k∗
)3 1+w1+3w ( 13.5
g∗(Trh)
) 1
2
(
Trh
130MeV
)−2
(13)
The fraction of PBHs with respect to cold dark matter
is given by
fPBH ≈ 1.96β × 1012
(
k∗
krh
) 6w
1+3w
(
Trh
130MeV
)
×
(
g∗,s(Trh)
14.25
)−1(
g∗(Trh)
13.5
)
, (14)
where β is given by (11). A very sharp peak in the pri-
mordial scalar power spectrum leads to a monochromatic
mass function. For both (13) and (14), we can use (7) to
replace k∗/krh by AR. By using (10) and Trh ≈ 130 MeV,
it is clear to see that both fPBH and MPBH are functions
of AR and w, while the domain of w is given by (4),
and the lower bound of AR is given by (9). The upper
bound of AR however, is given by the observational con-
straints on the PBH abundance. Putting together (13)
and (14), we can find the function of fPBH(MPBH), which
is drawn in Fig.3 with different parameters AR and w,
together with the current microlensing constraints on the
PBH abundance. A very interesting fact is that the mass
window of the PBHs allowed by the NANOGrav result,
10−6M to 10−2M (planet mass), is consistent with the
recent detection of short timescale microlensing events
found in OGLE as PBH candidates [76], if
−0.091 . w . 0. (15)
Especially, w = 0 is critically allowed in the 2-σ region
of the PBH abundance. A typical parameter choice is
AR = 0.11, w = 0, (16)
which gives fPBH = 1.74 × 10−2 at MPBH = 7.60 ×
10−5M, marked as a small red circle in Fig.3.
Therefore, when there is a dust-like stage before radia-
tion dominated era, both the might-be SGWB observed
by NANOGrav and the planet-mass PBHs observed by
OGLE could originate from the peaked scalar perturba-
tion. A low reheating temperature around 130 MeV and
a (nearly) dust-like stage with −0.091 . w . 0 between
the reheating moment and the reentry of the peak mode
of the curvature perturbation are crucial to make this
happen. We would like to mention that both of the ob-
servations on the GWs and PBHs are not clear evidence.
For NANOGrav signals, no quadrupole correlations are
found, while for OGLE results the contamination of the
floating isolated planets in the galactic disk must be re-
moved. Both of these can be cleared in the future exper-
iments on either PTA like FAST [77] and SKA [78], or
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FIG. 3. The PBH abundance as a function of its mass. The
blue, green, and gray shaded areas are excluded by current
microlensing experiments of EROS/MACHO [80], Subaru
HSC [81], OGLE [76], respectively. The region allowed by 1-
σ power index and 2-σ characteristic strain from NANOGrav
result is between the orange lines, which are w = −0.091,
hc = 1.37 × 10−15 (left) and w = 0.048, hc = 2.67 × 10−15
(right), respectively. The cyan dashed line is the 2-σ lower
bound of hc with w = 0. Some values of AR are labeled on
the lines. The red contour is the 95% CL PBH abundance,
if the six planet-mass candidates found in [76] are PBHs.
The small circle denotes a typical value of fPBH = 0.0174
at MPBH = 7.60× 10−5M.
microlensing like Subaru HSC [79], which could verify or
falsify the prediction of our model.
Conclusions. The fact that the power index of the GW
spectrum fit from first five bins of the time residuals
observed by NANOGrav is small5 motivates us to con-
sider that NANOGrav has observed induced GWs from
a (close to) dust-like stage. If such a stage is driven by
a scalar field, this scenario predicts planet-mass PBHs
whose masses span from 10−6 M to 10−2 M, depend-
ing on the value of of the effective equation of state w.
We find that for −0.091 . w . 0 the predicted PBH
mass and abundance are consistent with that of the re-
cently detected short-timescale microlensing events from
OGLE data. This prediction that both the stochastic
GWs at around 10−9 Hz and the planet-mass PBHs are
from the same origin can be further explored by the fu-
ture experiments of PTA and microlensing. It should be
noted that the PBH abundance is exponentially sensitive
to the precise value of the density threshold. Thus, the
derived PBH abundance should be taken as a rough es-
timate. Numerical calculations of PBH formation in a
5 If all the 30 bins, instead of only the first 5, are taken into
account, the best fit indeed gives β = 3, which equals to the
universal infrared scaling of the GW spectra from a variety of
sources studied in Ref.[31]. However, it is believed that the
high-frequency bins are probably from noise rather than real sig-
nals [9].
scalar field domination are needed for a determination of
δc and γ with higher precision.
Our conclusion cannot be directly extrapolated to an
adiabatic perfect fluid. In a matter-dominated uni-
verse, for instance, the PBH formation is much en-
hanced [82, 83], which is equivalent to suppress the am-
plitude of the curvature perturbation spectrum for a fixed
PBH abundance. This will also shift the PBH mass to
as large as supermassive black holes, which we would like
to study in the future.
In this letter, we focused for simplicity on a δ-function
peak in the curvature perturbation spectrum, which is
equivalent to a narrow peak with a dimensionless width
∆ < krh/k∗ . 0.19. In this case, the far infrared power
index at f . frh . 2.4 × 10−9 increases by 1 [41], while
the frequency band of NANOGrav data remains unaf-
fected. However, for a broader peak with ∆ & 0.19, the
spectrum for f & frh substantially changes. An inter-
mediate width of 0.19 . ∆ . 0.4 yields a broken power
law in the frequency band of [frh, f∗] [41]. A broad width
of ∆ & 0.4 increases the entire power for f < f∗ by 1,
which shifts the 1-σ region for w to only negative val-
ues, excluding the possibility of a dust-like state at 1-σ.
It also suppresses the amplitude of the induced GWs at
the scale of reheating compared to the narrow peak case,
shrinking the parameter space. In addition, a broad peak
in the PBH abundance makes the constrains more com-
plicated. We leave detailed studies of the broad peak for
future work.
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